Moduli of Coassociative Submanifolds and Semi-Flat Coassociative
  Fibrations by Baraglia, David
ar
X
iv
:0
90
2.
21
35
v2
  [
ma
th.
DG
]  
9 F
eb
 20
10
Moduli of Coassociative Submanifolds and
Semi-Flat Coassociative Fibrations
David Baraglia
October 29, 2018
Abstract
We show that the moduli space of deformations of a compact coas-
sociative submanifold C has a natural local embedding as a subman-
ifold of H2(C,R). We show that a G2-manifold with a T
4-action of
isomorphisms such that the orbits are coassociative tori is locally equiv-
alent to a minimal 3-manifold in R3,3 with positive induced metric
where R3,3 ∼= H2(T 4,R). By studying minimal surfaces in quadrics
we show how to construct minimal 3-manifold cones in R3,3 and hence
G2-metrics from equations similar to a set of affine Toda equations.
The relation to semi-flat special Lagrangian fibrations and the Monge-
Ampe`re equation are explained.
1 Introduction
The well-known conjecture of Strominger, Yau and Zaslow [16] provides a
geometric picture of mirror symmetry, at least in the so-called large complex
structure limit. The conjecture proposes mirror pairs of Calabi-Yau mani-
folds which are special Lagrangian torus fibrations over the same base, but
with dual fibres. In understanding limiting cases of the conjecture one is
motivated to study semi-flat special Lagrangian fibrations. These are fibra-
tions in which the fibres are flat tori. It is known in this case that the base
has natural affine coordinates and a function φ satisfying the real Monge-
Ampe`re equation detH(φ) = 1, where H(φ) is the Hessian of φ with respect
to the affine coordinates [9].
In M-theory G2-manifolds play a role equivalent to Calabi-Yau mani-
folds in string theory, so it is natural to ask whether there is an analogue
of the SYZ conjecture for G2-manifolds. Gukov, Yau and Zaslow [7] argue
that G2-manifolds admitting Calabi-Yau string theory duals are fibred by
coassociative submanifolds. Therefore it seems natural to expect a corre-
sponding mirror symmetry relating pairs of coassociative fibrations over the
same base. We take this as motivation to study G2-manifolds fibred by
1
flat coassociative tori. More specifically we call a coassociative fibration X
semi-flat if there is a T 4-action of isomorphisms of X such that the orbits
are coassociative submanifolds. The key result is Theorem 5.1 which states
that the base B locally maps into H2(T 4,R) (equipped with the intersec-
tion form) as a positive definite minimal 3-submanifold and conversely such
a minimal submanifold gives rise to a semi-flat coassociative fibration.
We investigate the structure of the moduli space of deformations of a
compact coassociative submanifold. Adapting the approach of [9] which
studies the moduli space of special Lagrangians, we find that the moduli
space M of deformations of a compact coassociative submanifold C has lo-
cally a natural map u : M → H2(C,R) defined up to an affine map. The
L2 metric on the moduli space is then the induced metric under u.
Finding examples of compact coassociative fibrations other than from
special Lagrangian fibrations is a very difficult task. We are however able to
show that for a G2-manifold with finite fundamental group, a coassociative
fibration must have singularities. To understand the types of singularities
that one might expect to encounter we show how to construct examples
of compact coassociative fibrations for a G2-structure with torsion. More
specifically we construct 7-manifolds with G2-structures such that the corre-
sponding 4-form is closed but the 3-form need not be. These manifolds have
coassociative fibrations degenerating over a smooth link in S3. Moreover the
possible singular fibres (except for a finite number of fibres) can be readily
determined from [14].
We consider the case of a G2-manifold that is a product X = Y × S1
of a Calabi-Yau manifold Y and a circle. In this case the coassociative and
special Lagrangian moduli spaces are related. We show that in the semi-
flat case the minimal submanifold equations reduce to the Monge-Ampe`re
equation, recovering the known result on semi-flat Calabi-Yau manifolds.
In [13] the authors seek solutions to the Monge-Ampe`re equation on a
3-dimensional base that is a cone. This reduces to equations on a surface,
in fact the equations for an elliptic affine sphere. This amounts to solving
the following equation
ψzz + |U |2e−2ψ + 12eψ = 0
where U is a holomorphic cubic differential. This is a real form of the affine
Toda field equations for the affine Dynkin diagram A
(2)
2 , studied by Tzitze´ica
[17]. In a similar fashion we seek to reduce from the minimal submanifold
equations on a 3-manifold to equations on a surface. We consider semi-
flat G2-manifolds with a vector field commuting with the T
4-action which
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essentially scales the associative 3-form. This corresponds to the minimal
3-manifold being a cone, which in turn is equivalent to a minimal surface in
the quadric of unit vectors.
We outline the general situation of minimal surfaces in quadrics, adapt-
ing to indefinite signature the theory of harmonic sequences. We show that
a class of minimal surfaces into odd dimensional quadrics called supercon-
formal are equivalent to a set of equations that are a real form of the D
(2)
r+1
affine Toda equations. In the case of the unit quadric in R3,3 the equations
obtained are
2(w1)zz = −e2w2−2w1 − e2w1 ,
2(w2)zz = qqe
−2w2 + e2w2−2w1 .
where q is a holomorphic cubic differential. The case where the G2-manifold
is a product of a Calabi-Yau manifold and a circle corresponds to the reduc-
tion e2w2 = qqe−2w1 in which case the equations reduce to the equation of
Tzitze´ica.
2 Deformations of coassociative submanifolds
Let X be a G2-manifold, that is a Riemannian manifold with holonomy a
subgroup of G2. We will be concerned with the moduli space of deforma-
tions of a coassociative submanifold C of X.
Recall that G2 is the stabiliser of a 3-form φ0 on R
7 and is a subgroup
of SO(7) so also stabilises the 4-form ψ0 = ∗φ0. We use the convention in
[11] for the standard 3 and 4-forms on R7. Hence if e1, . . . , e7 are a standard
basis of 1-forms for R7, the standard 3 and 4-forms φ0, ψ0 are taken as
φ0 = e
123 + e1∧(e45 + e67) + e2∧(e46 − e57) + e3∧(−e47 − e56)
ψ0 = e
4567 + e23∧(e45 + e67) + e31∧(e46 − e57) + e12∧(−e47 − e56) (1)
where we use the notation eij...k = ei ∧ ej ∧ · · · ∧ ek.
A G2-manifold X therefore is a Riemannian 7-manifold with a reduction
of structure from O(7) to G2 such that the corresponding 3-form φ is covari-
antly constant. An equivalent characterisation is that X is a 7-manifold with
a reduction of structure to G2 such that the 3-form φ and 4-form ψ = ∗φ
are closed [11].
Recall that a 4-dimensional submanifold C in X is coassociative if and
only if φ|C = 0 and in such a case C inherits an orientation ψ|C . We can re-
lax the submanifold condition to just the requirement that f : C → X is an
3
immersion in which case the restriction notation φ|C should be understood
as the pullback f∗φ. The normal bundle NC of a coassociative submanifold
C can be identified with ∧2+T ∗C, the bundle of self-dual 2-forms on C by
sending a normal vector ν to the 2-form ινφ|C .
Two immersions f, g : C → X are called isotopic if there is a map
F : C× [0, 1]→ X such that each map ft = F ( , t) : C → X is an immersion
and f = f0, g = f1. Moreover if f and g are coassociative submanifolds then
we say F is a deformation through coassociative submanifolds if f∗t φ = 0 for
all t. Note that if C is compact then by means of a t-dependent reparametri-
sation we may assume that ∂tF is a normal vector field for all t.
Given a compact coassociative submanifold C let M denote the moduli
space of all coassociative submanifolds that are deformations of C. McLean
[15] proves the following:
Proposition 2.1. A normal vector field ν to a compact coassociative sub-
manifold C is the vector field normal to a deformation through coassociative
submanifolds if and only if the corresponding 2-form ινφ|C is a closed self-
dual 2-form, hence harmonic. There are no obstructions to extending a first
order deformation to a family of actual deformations.
Actually, McLean uses a convention for the associative 3-form leading to
anti-self dual harmonic forms. It follows from the work of McLean that M
is a smooth manifold of dimension b2+(C). Moreover there is a natural fibre
bundle π : C →M with fibres diffeomorphic to C and map e : C → X such
that for each m ∈M, e|pi−1(m) : π−1(m)→ X is the coassociative submani-
fold corresponding to m ∈ M. We let Cm denote π−1(m) and em : Cm → X
the corresponding immersion.
From the proposition have for each m ∈ M a natural isomorphism λm :
TmM → H2+(Cm,R), where H2+(Cm,R) is the space of harmonic self-dual
2-forms on Cm. Since the self-dual cohomology on Cm depends on the
metric which varies with m we do not have a natural identification of all
the H2+(Cm,R). However we can still take the cohomology class [λm] ∈
H2(Cm,R). Working locally, we will not distinguish between M and a
neighborhood of M over which the fibre bundle C is trivial. It follows that
we can canonically identify the cohomology of the fibres. Fixing a single
fibre C = Cm0 we can identify cohomology of each fibre with H
2(C,R).
Under these identifications λm determines a map [λ] : TM → H2(C,R),
that is a H2(C,R)-valued 1-form. We find
Proposition 2.2. The 1-form [λ] on M is closed. Thus locally we may
write [λ] = du where u : M → H2(C,R) is an immersion unique up to a
translation.
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Proof. Recall that we have a fibre bundle π : C → M and a natural map
e : C → X representing the full local family of deformations. Fix a basepoint
m0 ∈ M and let C = Cm0 . Since we are working locally in M we assume a
local trivialisation C =M× C.
Since C is a calibrated submanifold it is oriented and we have also
assumed C is compact, hence given a homology class A ∈ H2(C,R) let
ηA ∈ Ω2(C,R) represent the Poincare´ dual, that is for any σ ∈ H2(C,R),
〈σ,A〉 =
∫
C
σ ∧ ηA.
Extend ηA to a form on C = M× C in the natural way. We claim that
the 2-form 〈λ,A〉 is given by p∗(e∗φ ∧ ηA) where p∗ represents integration
over the fibres of C. Since φ is closed and integration over fibres takes closed
forms to closed forms, this will prove the proposition.
Let t1, . . . , tm be local coordinates on M. Then by the definition of e
we have for each i and each m ∈ M a section νi of the bundle e∗m(TX)
representing the corresponding deformation, given by νi(c) = e∗(m, c)∂/∂t
i.
Note that νi need not be normal to Cm. Define the 2-forms θi on Cm
by θi = (ινiφ)|Cm . Since each submanifold Cm is coassociative we have
φ|Cm = 0. Thus only the normal component of νi contributes to θi so the
θi are harmonic by Proposition 2.1. Moreover since M represents all local
deformations the θi span H2+(Cm,R). We also have [λ] = [θi]dti.
Now consider e∗φ. Since (e∗φ)|Cm = 0 it follows that we can write
e∗φ = dti ∧ θˆi for some 2-forms θˆi. Moreover we see that θˆi|Cm = θi(m).
Now when we perform integration over the fibres of C we find
p∗(e
∗φ ∧ ηA) = p∗(dti ∧ θˆi ∧ ηA)
= dti
∫
Cm
θˆi|Cm ∧ ηA
= dti
∫
A
θˆi|Cm
= dti
∫
A
θi
= 〈λ,A〉.
The moduli space M has a natural metric gL2 which we call the L2
metric. For X,Y ∈ TmM the metric is defined as
gL2(X,Y ) =
∫
Cm
λm(X) ∧ λm(Y ). (2)
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From Proposition 2.2 we immediately have
Proposition 2.3. The natural L2 metric gL2 on M is the pull-back under
u : M→ H2(C,R) of the non-degenerate inner product on H2(C,R) given
by the intersection form. Since u maps each tangent space to a positive
definite subspace, gL2 is positive definite.
Next we turn to the issue of monodromy. Suppose we have two points
s, t ∈ M and two curves joining them. Along the curves we get isotopies
between Cs and Ct and hence corresponding isomorphisms of their coho-
mology. If the two curves are not homotopic these two isomorphisms need
not agree, though in either case a basis for H2(Cs,Z) (modulo torsion) will
be sent to a basis for H2(Ct,Z) preserving the intersection form. Therefore
the ambiguity is an element of SO(Q,Z) = SO(Q) ∩ SL(b2,Z) where Q
denotes the intersection form and b2 is the second Betti number of C. The
unit determinant condition follows since for any closed curve we have an iso-
topy through coassociative submanifolds preserving the orientation induced
by the calibrating form ψ. In the case where C = T 4, cohomology is gen-
erated by the 1-cocycles so the ambiguity can be thought of as an element
of SL(4,Z) acting via the representation SL(4,Z)→ SO(3, 3,Z) on 2-forms.
The above ambiguity prevents us from defining [λ] as a global 1-form
on M. However we can define [λ] on the universal cover Mˆ of M. Then
since [λ] is closed and Mˆ simply connected we may write [λ] = duˆ giving a
developing map uˆ : Mˆ → H2(C,R) of the universal cover. Note that while
[λ] is defined onM up to ambiguity in SO(Q,Z), there is a second ambiguity
in u, namely translations. Therefore the monodromy representation has the
form ρ : π1(M)→ SO(Q,Z)⋉Rb2(C).
3 Global aspects of coassociative fibrations
We now turn our attention to the study of coassociative fibrations. More
specifically we look at some global aspects of coassociative fibrations of com-
pact manifolds.
We will be considering fibrations π : X → B of G2-manifolds such that
the fibres are coassociative submanifolds. We can also consider fibrations
which degenerate, that is π need not be a locally trivial fibre bundle. In fact
we will show that if X is compact and has finite fundamental group then
any fibration coassociative or not must degenerate.
Proposition 3.1. Let X be a compact G2-manifold with finite fundamental
group. Then X admits no locally trivial fibre bundles X → B onto a 3-
dimensional base.
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Remark 3.1. A compact G2-manifold X has finite fundamental group if and
only if the holonomy of X is the whole of G2 [11].
Proof. Our argument expands upon [4] ex 8.4, pg 130. We may assume X
is connected. Further it suffices to replace X by its universal cover which is
also compact, so we assume X is simply connected. Let π : X → B be a
locally trivial fibre bundle where B is a 3-manifold and let F be one of the
fibres. If F is not connected we may replace B by its universal cover B˜ to
get another fibration π1 : X → B˜ with fibre equal to a connected component
of F . So we may as well assume B is simply connected and F is connected.
Now since B is a compact simply connected 3-manifold it is oriented and
H1(B,Z) = H2(B,Z) = 0. Then by the Hurewicz theorem π2(B) = 0 also
(of course the Poincare´ conjecture implies the base is diffeomorphic to the
3-sphere but we don’t need this fact). The long exact sequence of homotopy
groups implies that π1(F ) = 0. Further F must be oriented since X is.
We will make use of the Leray-Serre spectral sequence (with coefficients
in R) in order to gain information on the cohomology of X. Since B is
simply connected we have Ep,q2 = H
p(B,R)⊗Hq(F,R). In order to calculate
H2(X,R) and H3(X,R) there is only one relevant non-trivial differential to
consider d3 : E
0,2
3 → E3,03 , with E0,23 = H2(F,R) and E3,03 = H3(B,R).
We then have H2(X,R) = ker(d3) and H
3(X,R) = coker(d3). However the
differential d3 must vanish for otherwise we have H
3(X,R) = 0 which is
impossible on a compact G2-manifold. So d3 = 0 and it follows that the
following maps are isomorphisms:
i∗ : H2(X,R)→ H2(F,R)
π∗ : H3(B,R)→ H3(X,R) (3)
where i∗ is induced from the inclusion of some fibre i : F → X and π∗ is
induced by the projection π : X → B.
Let φ be the G2 3-form on X. Then the cohomology class of φ has
the form [φ] = cπ∗ [dvolB ] where dvolB is a volume form on B such that∫
B
dvolB = 1 and c is some non-vanishing constant. We claim that π
∗(dvolB)
is Poincare´ dual to the fibre F . This is a straightforward consequence of fibre
integration. Therefore if µ is a closed 4-form on X we have∫
F
i∗µ =
∫
X
µ ∧ π∗(dvolB) = c−1
∫
X
µ ∧ φ. (4)
Let us recall two cohomological properties of compact G2-manifolds [11]
where we continue to assume that H1(X,R) = 0. First there is a symmetric
bilinear form 〈 , 〉 on H2(X,R) given by
〈η, ξ〉 =
∫
X
η ∧ ξ ∧ φ. (5)
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This form is negative definite. Secondly if p1(X) ∈ H4(X,R) is the first
Pontryagin class of X then
∫
X
p1(X) ∧ φ < 0. (6)
Combining (5) with (4) and the fact that i∗ : H2(X,R) → H2(F,R) is an
isomorphism we find that the intersection form on F is negative definite.
Hence Donaldson’s theorem ([5], Theorem 1.3.1) implies the intersection
form of F is diagonalisable, i.e. of the form diag(−1,−1, . . . ,−1). Now
F is a spin manifold because X is spin and the normal bundle N of F in
X is trivial so that w2(TF ) = w2(TF ⊕ N) = i∗w2(TX) = 0 where w2
denotes the second Stiefel-Whitney class. But now from Wu’s formula the
intersection form of F must be even. Therefore the intersection form must
be trivial and H2(F,R) = 0.
Now we also have that p1(F ) = p1(TF ⊕N) = i∗p1(X). Therefore∫
X
p1(X) ∧ φ = c
∫
F
p1(F ) = 0
where the last equality follows from the Hirzebruch signature theorem. But
this contradicts (6), hence such fibre bundles π : X → B can not exist.
Next we consider the question of what smooth fibres a compact coas-
sociative fibration can have. Clearly if F is such a fibre we must have
b2+(F ) ≥ 3 and moreover ∧2+T ∗F has a trivialisation by harmonic forms (in
particular F has an SU(2)-structure). We also have:
Proposition 3.2. Let π : X → B be a coassociative fibration with compact
fibres. Then the base B can be given a metric such that π is a Rieman-
nian submersion (around non-singular fibres) if and only if the fibres are
Hyperka¨hler. Moreover in this case the base identifies with the moduli space
of deformations of a fibre and the base metric gB is related to the moduli
space L2 metric gL2 by
gB =
1
2vol(F)
gL2 . (7)
Proof. Let b ∈ B and F = π−1(b). Choose a basis vi for TbB and let v˜i be the
horizontal lifts. Define corresponding harmonic 2-forms ωi by ωi = ιv˜iφ|F .
Then the ωi are a frame for ∧2+T ∗F . Now if g is the metric on X then
g(A,B)dvolX =
1
6
φ ∧ ιAφ ∧ ιBφ. (8)
From this it follows that
ωi ∧ ωj = 2g(v˜i, v˜j)dvolF . (9)
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Now suppose B has a metric such that π is a Riemannian submersion.
Choose the vi to be an orthonormal basis. Then the ωi are Hyperka¨hler
forms on F . Conversely suppose F is a compact Hyperka¨hler 4-manifold.
Then since b2+(F ) = 3 we have that the space of self-dual harmonic 2-
forms is 3-dimensional, spanned by the Hyperka¨hler forms. Thus the ωi
are constant linear combinations of the Hyperka¨hler forms, hence g(v˜i, v˜j)
is constant along the fibres. So B can be given a metric gB making π a
Riemannian submersion. In this case since b2+(F ) = 3 we see that the base
exhausts all deformations of a fibre through coassociative submanifolds so
that the base identifies with the moduli space of deformations. Moreover if
we integrate (9) over F we get (7).
Note that a smooth Hyperka¨hler 4-manifold is either a torus or a K3
surface. Therefore these are likely candidates for the fibres of a compact
coassociative fibration.
We now move on to the question of what sort of singularities can occur for
a compact coassociative fibration f : X → B and what does the discriminant
locus ∆ = {b ∈ B | ∃x ∈ f−1(b), rank(dfx) < 3} ⊂ B look like?
In the case of special Lagrangian fibrations Y → B that are sufficiently
well behaved the discriminant locus has codimension 2 [1]. Under assump-
tions that the singularities are well behaved Baier [1] shows that if ∆ is
smooth then Y has vanishing Euler characteristic, so generally we expect ∆
not to be smooth.
Returning to the case of coassociative fibrations X → B we might like-
wise expect under reasonable assumptions on the singularities that the dis-
criminant locus ∆ ⊂ B has codimension 2. Interestingly the constraint on
smoothness in the special Lagrangian case no longer seems to be an issue
since X is odd dimensional, hence always has vanishing Euler characteristic.
Moreover Kovalev has constructed examples of compact coassociative K3
fibrations with discriminant locus a smooth link [12].
We will not investigate the issue of singularities in any depth and instead
we will simply provide a model for producing examples of compact coasso-
ciative fibrations on manifolds with G2-structures with torsion, that is the
3-form will not be closed.
Suppose we have a Hyperka¨hler 8-manifold M with holomorphic La-
grangian fibration π : M → CP2 (with singularities). That is if ωI , ωJ , ωK
are the Hyperka¨hler forms then the non-singular fibres of π are complex
submanifolds with respect to ωI and are Lagrangian with respect to the
holomorphic symplectic form Ω = ωJ + iωK . Note that the non-singular fi-
bres are necessarily tori. We can give M the structure of a Spin(7)-manifold
where the 4-form is
Φ =
1
2
ω2I +
1
2
ω2J −
1
2
ω2K . (10)
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This makes the fibres of π into Cayley 4-folds, indeed since we can write
Φ = ω2I/2 + Ω ∧ Ω/2 it follows that Φ|kerpi∗ = ω2I/2 which is the volume
form on the fibres since the fibres are complex submanifolds. We have
therefore produced an example of a compact Cayley 4-fold fibration (albeit
with holonomy in Sp(2)). Note that the discriminant locus ∆ ⊂ CP2 is an
algebraic curve in CP2.
To get a coassociative fibration let us take a smooth embedded 3-sphere
S3 ⊂ CP2 that meets ∆ transversally and avoids any singular points of ∆.
Therefore if ∆ has real dimension 2 then ∆ ∩ S3 will be a smooth link in
S3. Let X = π−1(S3). We claim that X has an almost G2-structure such
that π : X → S3 is a coassociative fibration with discriminant locus the link
∆∩S3. To see this let v be the unit normal to TX and let v∗ = g(v, ) where
g is the metric on M . Then on TM |X we may write
Φ = v∗ ∧ φ+ ψ (11)
where ιvφ = ιvψ = 0. Then φ defines an associative 3-form on X which is
generally not closed and ψ is the corresponding 4-form. Note on the other
hand that ψ is closed since Φ|X = ψ. This also shows that the smooth fibres
of π are coassociative submanifolds. To make this example more explicit let
f : S → CP1 be an elliptic fibration of a K3 surface over CP1. Then we
will take our Hyperka¨hler 8-manifold M to be the Hilbert scheme Hilb2S
of pairs of points on S. This can be concretely described as follows: the
product S × S has a natural Z2-action given by exchanging points. The
Hilbert scheme Hilb2S is obtained from the quotient S × S/Z2 by blowing
up the diagonal. Now if we combine the map M = Hilb2S → S×S/Z2 with
the map f : S → CP1 we see that we can map each point of M to a pair of
unordered points in CP1 which we can think of as the zeros of a quadratic
polynomial, hence we get an induced map π : M → CP2. This is in fact an
example of holomorphic symplectic fibration.
To complete our example we should discuss what sort of singularities
can be obtained and what the discriminant locus looks like. Matsushita [14]
determines the types of singularities that can occur (except over a finite set
of points) in a holomorphic symplectic fibration of the type we are consid-
ering. In fact most of the singularities listed in [14] are realised by taking
the Hilbert scheme of two points on a K3 elliptic fibration in the previously
described way. From this one should be able to the determine the mon-
odromy representation on the fibre homology. It is also known the type of
links that can occur as the result of placing a 3-sphere around a singularity
of a curve in CP2 [2]. For example a singularity of the form zp1 + z
q
2 = 0 (in
affine coordinates) where p and q are coprime leads to a (p, q)-torus knot.
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4 Semi-flat coassociative fibrations
We consider a relatively simple class of coassociative fibration we call semi-
flat (perhaps more correctly 4/7 flat) which extend the similar notion of a
semi-flat special Lagrangian fibration.
Definition 4.1. Let X be a G2-manifold. We say that X is semi-flat if X
is a coassociative fibration such that the fibres are flat tori.
Since flat tori are compact Hyperka¨hler manifolds, Proposition 3.2 tells
us that a semi-flat fibration π : X → B is also a Riemannian submersion.
We call V = ker(π∗) the vertical distribution and the corresponding distri-
bution of normals V ⊥ will be called the horizontal distribution.
Lemma 4.1. Let X be a G2-manifold. Suppose V is a distribution of coasso-
ciative subspaces and V ⊥ the corresponding orthogonal distribution of asso-
ciative subspaces. Given a local oriented orthonormal frame {ej}, 1 ≤ j ≤ 4
for V there exists an orthonormal frame {ai}, 1 ≤ i ≤ 3 for V ⊥ such that
the 3-form φ and 4-form ψ have the following forms with respect to the
corresponding coframe:
φ = a123 + a1∧(e12 + e34) + a2∧(e13 − e24) + a3∧(−e14 − e23)
ψ = e1234 + a23∧(e12 + e34) + a31∧(e13 − e24) + a12∧(−e14 − e23). (12)
Proof. Follows since G2 is transitive on the set of associative (or coassocia-
tive) subspaces with stabiliser SO(4) acting on the coassociative subspace
by the standard representation [8].
Proposition 4.1. Let π : X → B be a semi-flat G2-manifold. Then locally
X has a T 4-action of G2 isomorphisms. That is for any b ∈ B there is a
neighborhood b ∈ U ⊆ B such that π−1(U) has a T 4-action preserving the
G2-structure and the orbits are the coassociative fibres.
Proof. Over a sufficiently small neighborhood in B we can find a commuting
frame f1, . . . , f4 for the vertical distribution V such that for each fibre F
on which the frame is defined, flow along the integral curves of f1, . . . , f4
provides a diffeomorphism R4/Z4 → F . This defines a local T 4-action on X
such that the orbits are fibres of π. The action clearly preserves the metric
gV on the fibres.
Note that in general the frame f1, . . . , f4 is not orthonormal. However
we can make a change of frame to an orthonormal frame e1, . . . , e4 such
that the change of frame depends only on the base. Therefore e1, . . . , e4 is a
commuting orthonormal frame for V . Now let a1, . . . , a3 be a frame for V
⊥
corresponding to the frame e1, . . . , e4 for V such that the associative 3-form
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φ has the form in (12). For each fibre F we find ιaiφ|F is closed (since the ei
commute), so ai represents a deformation through coassociative fibres. But
since the base exhausts all deformations it must be that the ai are lifts of a
frame on B. It follows that the ai are invariant under the T
4-action. But it
is clear that the ei are also T
4-invariant. Thus φ is invariant by (12).
Proposition 4.2. Let X be a semi-flat G2-manifold. The horizontal distri-
bution is integrable.
Proof. As in the proof of Proposition 4.1 let e1, . . . , e4 be a commuting lo-
cal frame for V and a1, . . . , a3 the corresponding orthonormal frame for V
⊥
such that the 3-form φ has the form in (12). Recall also that a1, . . . , a3 is
the horizontal lift of a frame on the base. If we let e1, . . . , e4 and a1, . . . , a3
be the corresponding coframes then the ai are the pull-back of a coframe on
the base.
We now introduce a bi-grading on differential forms as follows. We iden-
tify V ∗ and (V ⊥)∗ as subbundles of T ∗X. Then a differential form of type
(p, q) is a section of ∧p(V ⊥)∗ ⊗ ∧qV ∗. Since the ai the pull-back of forms
on the base the dai are (2, 0)-forms. Moreover since the ei are a commuting
frame we have that dei is a sum of (2, 0) and (1, 1) terms.
It follows from (12) that φ is a sum of (3, 0) and (1, 2) terms and ψ
is a sum of (2, 2) and (0, 4) terms. Let us write ψ = ψ(0,4) + ψ(2,2). We
find that dψ(0,4) is the sum of (1, 4) and (2, 3) terms while dψ(2,2) is of type
(3, 2). Therefore for ψ to be closed we must have dψ(0,4) = dψ(2,2) = 0. In
particular the (2, 3) component of d(ψ(0,4)) vanishes. We find
[
d(ψ(0,4))
]
(2,3)
= (de1)(2,0) ∧ e234 − e1 ∧ (de2)(2,0) ∧ e34
+ e12 ∧ (de3)(2,0) ∧ e4 − e123 ∧ (de4)(2,0).
(13)
Setting this to zero implies that (de1)(2,0) = · · · = (de4)(2,0) = 0, hence the
horizontal distribution is integrable.
Let w ∈ U ⊂ R3 be local coordinates for a leaf of the horizontal dis-
tribution. We can take U sufficiently small that we have an embedded
submanifold i : U → X. Define a map f : U ×T 4 → X by f(w, x) = x · i(w)
where x acts on i(w) by the local T 4-action. It is immediate that f is an
immersion sending T (T 4) to the vertical distribution and TU to the hori-
zontal. Moreover by sufficiently restricting U we may assume f is injective.
Let π : X → U denote the locally defined projection. The fibres of π are
coassociative submanifolds. Therefore we can identify U as the local moduli
space of coassociative deformations of fibres as in Proposition 3.2.
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The metric g has the form g = gV + gV ⊥ where gV and gV ⊥ are metrics
on the vertical and horizontal respectively. Now since g is T 4-invariant we
have that gV is a flat metric on each orbit and gV ⊥ is the pull-back under π
of a metric gU on the base U which is related to the L
2 moduli space metric
by (7).
5 Construction of semi-flat G2-manifolds
We find an equivalent local characterisation of semi-flat G2-manifolds in
terms of minimal submanifolds.
Suppose for the moment that we have a semi-flat G2-manifold. As usual
let us take an invariant local frame a1, a2, a3, e1, . . . , e4 such that φ has the
form in (12). Let b = (b1, b2, b3) denote local horizontal coordinates for the
base B and let xi ∈ R/Z, 1 ≤ i ≤ 4 be standard coordinates for T 4. So the
dbµ are (1, 0)-forms and the dxi are (0, 1)-forms. Hence we see that we can
uniquely write φ as
φ = dvolB + db
µ ∧ θµ (14)
where the θµ are (0, 2)-forms. It is also clear that θµ|Tb is a harmonic self-
dual 2-form on Tb representing the deformation of Tb in the ∂/∂b
µ direction.
Thinking of B as the moduli space of coassociative deformations we recall
that there is a locally defined function u : B → H2(T,R) such that du is the
H2(T,R)-valued 1-form b 7→ [θµ|Tb ]dbµ. We can give H2(T,R) coordinates
aij such that aij corresponds to the cohomology class [aijdx
ij ]. Therefore
we have 6 functions uij on B such that u(b) = [uij(b)dx
ij ]. We then have
du = d[uijdx
ij]
=
[
∂uij
∂bµ
dxij
]
dbµ
= [θµ|Tb ]dbµ.
Hence [θµ|Tb ] = [∂uij∂bµ (b)dxij ], in fact since the θµ have no dbµ terms and are
constant with respect to fibre coordinates (being harmonic) we define
θµ =
∂uij
∂bµ
dxij . (15)
By (7) the base metric gB and L
2 moduli space metric on B are related
by gL2 = 2vol(T
4)gB . We can explicitly integrate the L
2 metric. If gB =
13
gµνdb
µdbν then
gµν =
1
2vol(T4)
∫
T 4
u∗
(
∂
∂bµ
)
∧ u∗
(
∂
∂bν
)
=
1
2vol(T4)
∫
T 4
∂uij
∂bµ
dxij ∧ ∂ukl
∂bν
dxkl
=
1
2vol(T4)
ǫijkl
∂uij
∂bµ
∂ukl
∂bν
where ǫabcd is antisymmetric and ǫ1234 = 1. So we have
2gB(A,B)vol(T
4)dx1234 = u∗(A) ∧ u∗(B), (16)
so gB is essentially the pull-back of the wedge product.
We are now in a position to reverse the construction. Suppose B is
an oriented 3-manifold with a function u : B → H2(T,R), u = [uijdxij ].
We assume that u∗ sends the tangent spaces of B into maximal positive
definite subspaces of H2(T,R). Choose a positive constant τ representing
the volume of the coassociative fibres. We may pull back the intersection
form to define a positive definite metric h on B given by
2h(A,B)τdx1234 = u∗(A) ∧ u∗(B). (17)
Let dvolh denote the volume form for this metric. We may then define self-
dual 2-forms θµ by equation (15), hence we can define a 3-form φ on B×T 4
by
φ = dvolh + db
µ ∧ θµ. (18)
We can easily verify that φ is closed by noting that from (15) we have
(∂/∂bν)θµ = (∂/∂b
µ)θν .
It is clear that for any u and τ as above, φ has the correct algebraic
form for an associative 3-form. By (8), φ determines a metric g on X and
a corresponding volume form dvolX = dvolB ∧ dvolT . It follows from (18)
that the induced metric g agrees with h on the horizontal distribution so
that dvolB = dvolh. Moreover one can further show dvolT = τdx
1234.
Now consider ψ = ∗φ. Since the θµ are self-dual 2-forms on each fibre
we find
ψ = dvolT + ∗3dbµ ∧ θµ (19)
where ∗3 denotes the Hodge star with respect to g restricted to the base. We
can see that a necessary condition for ψ to be closed is that τ is constant.
Indeed if ψ is closed then since it is a calibrating form and the fibres of X are
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isotopic calibrated submanifolds they must have equal volume. Therefore
assume τ is constant. We calculate
dψ = 0 + d(∗3dbµ) ∧ θµ + ∗3dbµ ∧ dθµ
= ∆bµdvolB ∧ θµ + gµνινdvolB ∧ dbγ ∧ ∂
2uij
∂bγ∂bµ
dxij
= ∆bµdvolB ∧ ∂uij
∂bµ
dxij + gµνdvolB ∧ ∂
2uij
∂bν∂bµ
dxij
=
(
∆bµ
∂uij
∂bµ
+ gµν
∂2uij
∂bµ∂bν
)
dvolB ∧ dxij .
Hence ψ is closed if and only if for each i, j we have
gµν
∂2uij
∂bµ∂bν
+∆bµ
∂uij
∂bµ
= 0. (20)
Note that the Laplacian on functions on the base ∆ = ∗−1d ∗ d = −δd is
given by
∆f = gµν
(
∂2f
∂bµ∂bν
− Γγµν ∂f
∂bγ
)
. (21)
Where Γγµν are the Christoffel symbols
Γγµν =
1
2
gγσ(∂µgνσ + ∂νgµσ − ∂σgµν). (22)
In particular, applied to a coordinate function we have ∆bγ = −gµνΓγµν .
Substituting this into equation (20) we get
∆uij = 0. (23)
This says that the map u : B → H2(T,R) is harmonic where B is given the
metric g. However the pull-back metric on B induced by u differs from g
only by a constant so equivalently u is harmonic with respect to the induced
metric. Another way of saying this is that the map u is a minimal immersion
or that B is locally embedded as a minimal 3-submanifold [6].
Theorem 5.1. Let B be an oriented 3-manifold and u : B → ∧2R4 a map
with the property that u maps the tangent spaces of B into maximal positive
definite subspaces of ∧2R4 and let τ be a positive constant. Let h be the pull-
back metric defined in equation (17) with volume dvolh. Let X = B×(R/Z)4
and define φ ∈ Ω3(X,R) by
φ = dvolh + du, (24)
where u is considered as a 2-form on X. Then (X,φ) is a semi-flat G2-
manifold if and only if u is a minimal immersion. Moreover every semi-flat
G2-manifold locally has this form.
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We can improve on Theorem 5.1 by determining the global properties of
semi-flat G2-manifolds. For completeness we may define a locally semi-flat
G2-manifold as a locally trivial T
4-fibration π : X →M with semi-flat local
trivialisations. We leave it to the reader fill in the details which ammounts
to incorporating monomdromy representations.
6 Cylindrical semi-flat G2-manifolds
We will show that the semi-flat G2 equations reduce to the Monge-Ampe`re
equation if we assume that the resulting G2-manifold is cylindrical. This co-
incides with the result of Hitchin [9] in which special Lagrangian fibrations
with flat fibres are produced from the Monge-Ampe`re equation.
LetX be a semi-flat G2-manifold over a base B. Suppose thatX = Y ×T
as a Riemannian manifold where T is a circle and Y is a Calabi-Yau man-
ifold. Moreover we suppose that the circle factor generates a T 1 subgroup
of the T 4-action on X. Then Y is a semi-flat special Lagrangian fibration
over the same base. In this situation we say that X is cylindrical.
Let us write the 4-torus T 4 as a product T 4 = T 3 × T 1. Using duality
betweenH1(T 3,R) andH2(T 3,R) we equip the spaceH1(T 3,R)⊕H2(T 3,R)
with a split signature inner product 〈 , 〉 and symplectic form ω. For ζ1, η1 ∈
H1(T 3,R), ζ2, η2 ∈ H2(T 3,R) we have
〈(ζ1, ζ2), (η1, η2)〉 = 1
2
(ζ1(η2) + η1(ζ2))
ω((ζ1, ζ2), (η1, η2)) =
1
2
(ζ1(η2)− η1(ζ2)).
(25)
We have an isometry e : H1(T 3,R)⊕H2(T 3,R)→ H2(T 4,R) as follows:
e(α, β) = (α ` [dt] + β)/
√
2 (26)
where t ∈ R/Z is the standard coordinate for T .
Given a cylindrical semi-flat G2 manifold X = Y ×T we have the corre-
sponding minimal immersion u˜ : B → H2(T 4,R). We can express u˜ as the
composition u˜ =
√
2e(u, v) where u : B → H1(T 3,R), v : B → H2(T 3,R).
From [9] we know that (u, v) locally embeds B as a Lagrangian submanifold.
Let x1, x2, x3 denote coordinates on T 3 and t = x0 a coordinate for
T . The maps u, v are local diffeomorphisms hence writing u = [uidx
i] and
v = [ 12!ǫijkv
idxjk] we may take either the ui or v
j as coordinates on B.
Moreover since B is Lagrangian it is locally the graph of a gradient, that is
there exist functions φ,ψ on B such that vi = ∂φ
∂ui
, ui =
∂ψ
∂vi
. Now we write
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u˜ = [u˜ijdx
ij ] so that
u˜i0 = ui,
u˜ij =
1
2ǫijkv
k, i, j, k > 0.
(27)
If we check the formula for the metric induced by u˜ we find that up to a
multiple it is given by
g =
∂2φ
∂ui∂uj
duiduj =
∂2ψ
∂vi∂vj
dvidvj . (28)
Now starting with the relation vj = ∂φ
∂uj
we find dvj = ∂
2φ
∂uj∂uk
duk. Sub-
stituting this into the expression for g we find that hij = ∂
2ψ
∂vi∂vj
is the
inverse of gij =
∂2φ
∂ui∂uj
, that is gijh
jk = δki . Let us introduce some notation:
∂i =
∂
∂ui
, ∂j = ∂
∂vj
, φij...k = ∂i∂j . . . ∂kφ, ψ
ij...k = ∂i∂j . . . ∂kψ. We also note
that ∂j = ψjk∂k. Now we can calculate the Christoffel symbols in the ui
coordinates:
Γkij =
1
2
ψkmψmij . (29)
Now we calculate ∆u˜ab. First suppose b = 0 so that u˜ab = ua. Then we find
∆ua = ψ
ij
(
0− 1
2
ψkmφmijδ
a
k
)
= −1
2
ψijψamφmij . (30)
If we take the relation φijψ
jk = δki and differentiate we find
φmijψ
jk = −φijφmrψrjk. (31)
Substituting into equation (30) we find that
∆ua =
1
2
φijψ
aij . (32)
Similarly we find
∆va =
1
2
ψijφaij . (33)
Therefore the G2 equations in this case reduce to
φijψ
aij =0,
ψijφaij =0.
(34)
Now let us recall Jacobi’s formula in the case where the matrix valued
function φ is invertible:
ddet(φ) = det(φ)tr(φ−1dφ).
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Therefore the Monge-Ampe`re equation ddet(φ) = 0 is equivalent to tr(φ−1dφ) =
0. But
tr(φ−1dφ) = tr(ψdφ)
= ψijφaijdua.
Similarly we can interchange the roles of φ and ψ. Hence the G2 equations
in this case are equivalent to the Monge-Ampe`re equation.
Remark 6.1. We note that in [9] the Monge-Ampe`re equation is also shown
to be equivalent to B being calibrated with respect a calibrating form that
is a linear combination of the volume forms of H1(T 3,R) and H2(T 3,R).
This agrees with the fact that B is minimally immersed.
7 Reduction to surface equations
We impose an additional degree of symmetry on a semi-flat G2-manifold.
The additional symmetry is shown to correspond to the base locally having
the structure of a minimal cone in R3,3 which in turn is equivalent to a
minimal surface in the quadric of unit vectors.
Let π : X → B be a semi-flat G2-manifold constructed from a minimal
immersion u : B → R3,3. We suppose there is a vector field U on X such
that U commutes with the T 4-action. It is not possible for such a vector
field to preserve the 3-form φ up to scale, that is LUφ = λφ for some non-
vanishing function λ, for in this case the fibres of the T 4-fibration would not
have constant volume. Therefore we consider a slightly different symmetry.
We suppose that
LUφ = λφ+ 2λdvolB (35)
as such a symmetry will preserve the volume of the fibres.
Let U = V +W = V µ ∂
∂bµ
+W i ∂
∂xi
. For U to commute with the T 4-action
we must have the V µ and W i are independent of x. We will show that W
is a vector field generated by the T 4-action, hence we need only consider V .
Recall that locally a semi-flat G2-manifold X = B×T 4 with coordinates
(b, x) has the 3-form
φ = dvolB + duij ∧ dxij = dvolB + dbµ ∧ θµ (36)
where u : B → H2(T 4,R/Z) is a minimal immersion and θµ = ∂uij∂bµ dxij . For
simplicity we will take vol(T 4) = 1.
Since φ is closed, the condition on U is that LUφ = d(ιUφ) = λφ +
2λdvolB . We find that
ιUφ = ιV dvolB + V
µθµ − dbµ ∧ ιW θµ
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and that
d(ιUφ) = div(V )dvolB + d(V
µθµ) + 2db
µ ∧ d(W i∂uij
∂bµ
dxj).
Equating this to (35) we find
div(V ) = 3λ,
d(V µθµ) = λdb
µ ∧ θµ,
∂W i
∂bµ
∂uij
∂bν
=
∂W i
∂bν
∂uij
∂bµ
.
(37)
We can show that W must be independent of the base variables. This fol-
lows from the algebraic fact that if θ1, θ2, θ3 are a basis of self-dual 2-forms
and A1, A2, A3 are vectors such that iAiθj = iAjθi then Ai = 0. Hence W is
a vector field coming from the T 4-action. Therefore we ignore W .
Now the equations for V are 3λ = div(V ) and d(V µθµ) = λdb
µ ∧ θµ =
λdu. Taking exterior derivatives we find 0 = dλ∧du hence ∂λ
∂bµ
∂u
∂bν
= ∂λ
∂bν
∂u
∂bµ
,
that is ∂λ
∂bµ
θν =
∂λ
∂bν
θµ. But {θµ} are linearly independent so we have dλ = 0.
Therefore the second equation for V becomes d(V µθµ−λu) = 0 or u∗(V ) =
λu+c where c is constant. There are now two cases to consider; when λ = 0
and λ 6= 0.
The λ = 0 case can readily be shown to correspond to minimal surfaces
in R2,3. Such minimal surfaces correspond locally to holomorphic maps
τ : Σ → Q from a Riemann surface into an open subset of a quadric given
by Q = {v ∈ C ⊗ R2,3 | 〈v, v〉 = 0, 〈v, v〉 > 0}. There is a local Weierstrass
representation for the corresponding minimal immersion φ [10]:
φ(z) = φ(0) + Re
∫ z
0
τ(ζ)dζ.
Now assume λ 6= 0. Then we can redefine u to absorb the constant c so
we have u∗(V ) = λu. Now we can rescale V such that u∗(V ) = u. If the
vector field V vanishes at a point b ∈ B then u(b) = u∗(Vb) = 0, but the
map u : B → H2(T 4,R) is an immersion so V vanishes at isolated points.
Away from the zeros of V we may find local coordinates (x, y, t) ∈ Σ × I
such that V = ∂
∂t
. Hence we have ∂u
∂t
(x, y, t) = u(x, y, t). The solution is of
the form u(x, y, t) = u(x, y)et. The induced metric g on B has the property
that g(x, y, t) = e2tg(x, y), hence ∂
∂t
satisfies div( ∂
∂t
) = 3 as required.
We will attempt to find local coordinates that diagonalise the metric on
B. By changing the local slice Σ→ B along the t direction we have freedom
u(x, y) 7→ u(x, y)eρ(x,y) where ρ is an arbitrary smooth function on B. We
calculate (on t = 0)
2g
(
∂
∂t
,
∂
∂x
)
dx1234 = e2ρ(u ∧ ∂u
∂x
+ u ∧ u∂ρ
∂x
)
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and similarly for g
(
∂
∂t
, ∂
∂y
)
. Let us define functions r, s by
ru ∧ u = −u ∧ ∂u
∂x
su ∧ u = −u ∧ ∂u
∂y
.
(38)
Note that this is possible because 2g( ∂
∂t
, ∂
∂t
)dx1234 = u∧u 6= 0. Then we can
locally find a function ρ(x, y) such that g( ∂
∂t
, ∂
∂x
) = g( ∂
∂t
, ∂
∂y
) = 0 if and only
if ∂r
∂y
= ∂s
∂x
. This follows easily from the definitions of r and s. Therefore
our metric now has the form
g(x, y, t) = e2t(c(x, y)dt2 + gΣ(x, y)).
Setting r = et we may write this as
g(x, y, r) = c(x, y)dr2 + r2gΣ(x, y).
Let us also note that 2cdx1234 = u ∧ u so that 2 ∂c
∂x
dx1234 = 2u ∧ ∂u
∂x
= 0
and similarly for y. Thus c is constant and by scaling we can assume c = 1.
Therefore the metric is
g = dr2 + r2gΣ (39)
and our minimal 3-fold is a cone.
For a manifold M with (possibly indefinite) metric g let (CM, gˆ) denote
the cone where CM =M×(0,∞) , gˆ = dr2+r2g. Given a map φ : (M,g)→
(N,h) we define the radial extension φˆ : CM → CN by φˆ(x, r) = (φ(x), r).
Proposition 7.1. The radial extension φˆ : CM → CN is minimal if and
only if φ : M → N is minimal.
Proof. First we note that φ is a Riemannian immersion if and only if φˆ is
a Riemannian immersion. Let us use coordinates x1, . . . , xm on M and let
r = x0. We use the convention that indices i, j, k, . . . do not take the value
0. Likewise give CN coordinates r = y0, y1, . . . , yn. We have
gˆ00 = 1, gˆ0i = 0, gˆij = r
2gij
gˆ00 = 1, gˆ0i = 0, gˆij =
1
r2
gij .
(40)
We readily verify the following relation between the Christoffel symbols on
M and CM :
CM
Γkij =
M
Γkij ,
CM
Γ0ij = −rgij, CMΓk0j = 1
r
δkj ,
CM
Γk00 = 0,
CM
Γ00j = 0,
CM
Γ000 = 0.
(41)
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There are similar relations for the Christoffel symbols on CN . The map φˆ
has the properties
φ0 = x0
∂0φ
γ = 0.
Recall [6] that the tension field τ(φ) for a map φ : M → N is the section of
φ∗(TN) obtained by taking the trace of the second fundamental form:
τγ(φ) = gij
(
∂2ijφ
γ − MΓkij∂kφγ + NΓγαβ∂iφα∂jφβ
)
. (42)
The map φ is harmonic if and only if τ(φ) = 0. Similarly we have a torsion
field τ(φˆ). We calculate
τγ(φˆ) =
1
r2
τγ(φ) (43)
τ0(φˆ) =
1
r
gij
(
gij − hαβ∂iφα∂jφβ
)
. (44)
The result follows.
Let Rp,q denote Rn with a signature (p, q) inner product. We say that
a submanifold X of Rp,q is a cone if X is diffeomorphic to Σ × (0,∞) such
that i(x, r) = ri(x, 1) where i is the inclusion i : X → Rp,q and the induced
metric on X is of the form dr2 + r2gΣ where gΣ is independent of r.
Restricting to r = 1 we have an inclusion i : Σ → Q ⊂ Rp,q where
Q = {v ∈ Rp,q| 〈v, v〉 = 1} = O(p, q)/O(p − 1, q). Conversely such a map
defines a cone in Rp,q. We thus have
Corollary 7.1. There is a bijection between minimal cones with definite in-
duced metric in Rp,q and minimal submanifolds of the quadric Q = O(p, q)/O(p−
1, q) with definite induced metric.
In our situation we are looking for minimal surfaces u : Σ→ O(3, 3)/O(2, 3).
8 Minimal surfaces of signature (3, 3)
We will develop some general theory of minimal surfaces in a quadric. For
the most part this is a straightforward generalisation of the definite signa-
ture case [3].
Let Rp,q denote the p + q-dimensional vector space with bilinear form
〈 , 〉 of signature (p, q) and let Qh0 = {x ∈ Rp,q | 〈x, x〉 = h0} where h0 = ±1.
Let Σ be a connected oriented surface. An immersion φ : Σ → Qh0 ⊂ Rp,q
that sends each tangent space of Σ to a positive definite subspace of Rp,q
induces a metric and hence a conformal structure on Σ. These give Σ the
21
structure of a Riemann surface with compatible metric. The map φ is then
a minimal immersion if and only if it is harmonic.
Let us regard φ as a vector valued function on Σ such that 〈φ, φ〉 = h0.
Let D denote the trivial connection on Rp,q and ∇ the induced Levi-Civita
connection on Q. Let z be a local holomorphic coordinate on Σ. We use z
and z subscripts to denote partial differentiation with respect to ∂
∂z
and ∂
∂z
.
The harmonic equation for φ is
∇zφz = 0. (45)
However we also have that D = ∇ + Π where Π is the second fundamental
form which is valued in the normal bundle of Q, since Q is given the induced
metric. Therefore the harmonic equation for φ reduces to
φzz = λφ (46)
for some function λ. In fact we can show λ = −〈φz, φz〉/h0. Note that since
〈φ, φ〉 = h0 we have 〈φ, φz〉 = 〈φ, φz〉 = 0 and since φ is a Riemannian im-
mersion 〈φz , φz〉 = 〈φz, φz〉 = 0 and 〈φz , φz〉 = h1 defines the induced metric
on Σ.
Following the definite signature case [3] we will inductively construct a
sequence φ0, φ1, φ2, . . . . We define φ0 = φ, φ1 = φz and we define φi+1 from
φi under the assumption that hi = 〈φi, φi〉 is non-vanishing by
φi+1 = (φi)z − 〈(φi)z, φi〉
hi
φi. (47)
So φi+1 is the projection of (φi)z onto the orthogonal complement of φi with
respect to the Hermitian form h(X,Y ) = 〈X,Y 〉. Note that unlike the defi-
nite signature case it may be that hi vanishes even if φi 6= 0.
Let r ≥ 1 be an integer. We say φ has isotropy of order r if we can
construct the sequence φ0, φ1, . . . , φr, φr+1 (so h1, . . . , hr are non-vanishing)
and 〈φi, φi〉 = 0 for 1 ≤ i ≤ r. Since the hi are non-vanishing we may write
hi = ǫiHi where Hi = e
2wi and ǫi = ±1. We then have
Proposition 8.1. Let φ be a minimal surface with isotropy of order r ≥ 1.
We have the following
• The sequence φr, . . . , φ1, φ0, φ1, . . . , φr is pairwise orthogonal with re-
spect to the Hermitian form,
• φr+1 and φr+1 are orthogonal to φr, . . . , φ1, φ0, φ1, . . . , φr,
• 〈φr+1, φr+1〉 defines a holomorphic degree 2r + 2-differential on Σ,
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• (φi)z = φi+1 + 2(wi)zφi, for 1 ≤ i ≤ r,
• (φi)z = −(hi/hi−1)φi−1, for 1 ≤ i ≤ r + 1,
• 2(wi)zz = hi+1/hi − hi/hi−1, for 1 ≤ i ≤ r.
Proof. These are all reasonably straightforward verifications nearly identical
to the definite signature case.
Definition 8.1. Let φ : Σ → Qh0 ⊂ Rp,q be a minimal surface. Suppose
φ has isotropy of order r and that p + q = 2r + 2 or 2r + 3. We say φ is
superminimal if hr+1 = 0 and superconformal if hr+1 6= 0.
We now consider a superconformal or superminimal surface φ : Σ →
Qh0 ⊂ Rp,q in the case p+ q is even. So φ has isotropy of order r such that
p + q = 2r + 2. Now φr, · · · , φ1, φ0, φ1, · · · , φr span a real codimension 1
subspace which is not null, therefore there is a real vector valued function φ˜
with 〈φ˜, φ˜〉 = ǫ = ±1 and complex valued function q such that φr+1 = qφ˜ and
φr+1 = qφ˜. Thus hr+1 = ǫqq and 〈φr+1, φr+1〉 = ǫq2 is holomorphic. Hence
q(dz)r+1 is a holomorphic (r + 1)-differential. We then have the following
set of equations:
2(wi)zz = hi+1/hi − hi/hi−1, 1 ≤ i ≤ r − 1,
2(wr)zz = ǫqq/hr − hr/hr−1.
(48)
Notice that the superminimal case where φr+1 = 0 corresponds to setting
q = 0. We can also write the equations directly in terms of the wi. Let
µi = ǫiǫi+1 for 1 ≤ i ≤ r and µr+1 = ǫǫr. Then
2(wi)zz = µi+1e
2wi+1−2wi − µie2wi−2wi−1 , 1 ≤ i ≤ r − 1,
2(wr)zz = µr+1qqe
−2wr − µre2wr−2wr−1 .
(49)
We find this is a set of affine Toda equations for the affine Dynkin diagram
D
(2)
r+1. The different choices of signs µi = ±1 determine different real forms
of the Toda equations.
Let us apply this to the case of a minimal surface φ into Q = {x ∈
R
3,3 | 〈x, x〉 = 1}. In this case the maximum possible isotropy order is 2 and
we have µ1 = 1, µ2 = −1, µ3 = 1, q is a holomorphic cubic differential and
the equations become
2(w1)zz = −e2w2−2w1 − e2w1 ,
2(w2)zz = qqe
−2w2 + e2w2−2w1 .
(50)
Let a1 = H1 = e
2w1 and a2 = H2/H1 = e
2w2−2w1 . Then a1 and a2 are
positive (1, 1)-forms and can be thought of as metrics on Σ. But from
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the above equations we see that a1 has strictly positive curvature while a2
has strictly negative curvature. Therefore there are no compact solutions
without singularities. The equation for an elliptic affine sphere in R3 [13]
appears as a special case of equation (50). Indeed the elliptic affine sphere
equation is
2(w1)zz = −qqe−4w1 − e2w1 . (51)
If we set H2 = qq/H1 then equation (51) yields a solution to (50) (strictly
speaking it is a solution away from the zeros of q, however one can show the
corresponding minimal immersion extends over the zeros of q). In fact we
can explain this reduction more directly in terms of G2 geometry. Equation
(51) corresponds to the equation for a cylindrical semi-flat G2-manifold with
scaling symmetry as in Section 7.
There are other cases of minimal surfaces in Q ⊂ R3,3 that we can find
similar equations for, namely real forms of the affine Toda equations for the
affine Dynkin diagrams A
(1)
1 and B
(1)
2 . These are minimal surfaces for which
the image lies in a proper subspace of R3,3. We leave the details to the
reader.
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